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Let G be a digraph, and let k> 1, such that no “fractional” packing of directed circuits of G
has value >k, when every vertex is given “capacity” 1. We prove there is a set of O(k logk loglogk)
vertices meeting all directed circuits of G.

1. Introduction

A well-known conjecture of Younger [5] asserts the following.

(1.1). (Conjecture) For every integer k > 0 there exists n > 0 such that for every
digraph G, either
(i) there are k directed circuits of G, mutually vertex-disjoint, or
(ii) there exists X CV(G) with | X|<n such that XNV (C)+#0 for every directed
circuit C of G.

(Digraphs in this paper are finite; V(G) denotes the set of vertices of G.)

This is trivial for £ <1, and has recently been proved for k=2 by McCuaig [4],
when we may take n=3. For k>3, however, (1.1) remains open.

Our objective in this paper is to prove a fractional version of (1.1). A fractional
circuit packing in a digraph G is a function ¢ assigning a non-negative rational ¢(C)
to every directed circuit C of G, such that for every vertex v of G,

T(g(C):veV(C)) <1

We define the value of g to be Yg(C), summed over all directed circuits C. Clearly,
there is a (0, 1) valued fractional circuit packing of value k if and only if (1 1)(i)
holds. Our main result is the following.

(1.2). Let G be a digraph, and let k> 1 be a real number such that every fractional
circuit packing in G has value <k. Then there exists X CV(G) with

| X| < 4k log(4k) log logy (4k)
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such that XNV (C)#@ for every directed circuit C of G.

[log(n) denotes the logarithm of n to base e, and logy(n) to base 2.]
By linear programming duality, (1.2) is equivalent to the following. (R is the
set of non-negative real numbers.)

(1.3). Let G be a digraph, and let w:V(G)— R be a function such that
S(ww) v e V(C)) >1
for every directed circuit C of G. Let k> 1 be real, and let
S(w(v):v e V(Q)) < k.
Then there exists X CV(G) with
| X| < 4klog(4k) loglogy(4k)
such that XNV (C)#0 for every directed circuit C' of G.

To prove (1.3), we may assume by a continuity argument that w(v) > 0 for
every vertex v, and that each w{v) is rational. Let n >0 be an integer such that
w'(v) = nw(v) is an integer for every vertex v. Construct a new digraph H as
follows. For each veV(G), let (v,1),...,(v,w'(v)) be new vertices in H, where (v,7)
is adjacent to (v,i+1) for 1 <i<w'(v). For each edge of G with tail u and head
v, let there be an edge of H with tail (v,w’(u)) and head (v,1). Then H has the
properties that:

() [VHE) =L ey (0)=2ev () nw(v) <nk,
(ii) for every directed circuit C’ of H there is a directed circuit C of G so that

V(= Y. nw)zn>kV(H)
veV{(C)

Consequently, from (1.4) stated below and proved in the next section, there
exists XQV(H) with
1 X < 4k log(4k) log loga(4k),

meeting every directed circuit of H, and so the same holds for G; that is, (1.3) is
true. This shows that in order to prove (1.3) it suffices to prove the following.

(1.4). Let G be a digraph, and let k>1 be real, such that every directed circuit of
G has length >k™1|V(G)|. Then there exists X CV(G) with

|X| < 4klog(4k) log logy(4k)
such that X NV (C)#0 for every directed circuit C of G.

We shall prove (1.4) in the next section.
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2. The main proof

The idea of the proof of (1.4) is quite simple. We proceed by induction on
[V(G}|. Since every directed circuit of G has length > {V(G){/k, there are vertices
u,v such that every directed u— v path has length {almost) |V{G)|/k, and hence
there are disjoint non-null sets X1,...,X,, with union V(G), such that no edge of
G has tail in X; and head in X for j >i+2, where n is roughly |V/(G)|/k. Since
X1,...,Xp have cardinality <k on average, one of them has cardinality <k, and we
can choose one (X; say) roughly in the middle of the sequence with | X;| not much
bigger than k. We delete X; and apply the inductive hypothesis to the restrictions
of G to X1U...UX;_; and to X;;U...UX,. Both the latter have at most about
(1- -—) |V(G)| vertices, and the result follows after some calculations. This easily
yields (1.4) with the bound on | X| replaced by a quadratic function of k. However,
it seems of interest to prove the sharpest version of (1.4) that we can, and so we
shall use a numerically more careful argument.

Let us say p is suitable if u is a real-valued function with domain the set of
positive real numbers, such that

(i) p is non-negative,
(ii) pw(z)>z for all z>1,
(i) plz+y) > plx) +,u.(y) for all z,y > 0 (and consequently p is monotone non-

decreasmg) ,

(iv) 1fy2m24 and z+4y>1 then

u(z +3) = p(e) - ply) > 4olog (1+2) loglogy 4z +).

The reason for interest in suitable u is that we shall prove the following.

(2.1). Let u be suitable. Let G be a digraph, and let k>0 be a real number such
that every directed circuit has length >k~ 1|V(G)|. Then there exists X C V(G)
with | X | < u(k) such that XNV (C)#0 for every directed circuit C of G.

(1.4) follows from (2.1) because of the following.

(2.2). Let p{x)=0 for 0<z <1, and pu(z)=4zlog(4z)loglog,(4x) for = >1. Then
u is suitable.

Proof. The first three conditions are easily verified. For the last, let y>z > i, with
z+y>1. Since

u(z + 1) — w@) - uly) = o [“(m +y) _ #(1‘)] iy [u(m +y) #(y)]

r+y z z+y ]

and %%Fyl) — ﬂ;’—) >0, it suffices to show that

wz+y) M@)

>
prorapy 4log (1 + ) loglogy(4(z + v)).
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There are two cases. If <1 then since z+y>1,

uix:yy) 3 MEC-’L”) _ ”E::yy) = 4log(4(z +y)) loglogy(4(z + y))

=4 [log (1 + %) + 10g(4:c)} loglogy (4(z +y))
> 4log (1 + %) loglogs(4(z + v))
since 4x > 1, as required. If z>1 then

M) 2O — g10g(aa + 1) log loga(d( + 1)) ~ 4l0g(42) oglog (42)

2> 4[log(4(z +y)) — log(4z)] loglogy (4(z + y))

= 4log (1 + %) loglogs (4(z + 7))
as required. 1

Thus, it remains to prove (2.1). We need the following lemma.

(2.3). Let u be suitable, let k > 0 be real, for 0 <z <1 let y be a real-valued
continuous function of z, and let I C[0,1] be finite, such that y(0) >0,y(1) <1, and
for all h€[0,1] -1,y is differentiable and —3—% > % when x=h. Then there exists h
with 3 <h<$ such that h¢I and when z=h,

B < (k) ~ ky) - k(1 — ).

=
Proof. By replacing =,y by 1 —z,1 ~y if necessary, we may assume that y (%) <
%. Since y is monotone increasing, it follows that 0 <y (%) <y (%) < % Also, since
% > % for 0 <z <1 except at finitely many values of z, it follows that y (%) >
4k)~L. For the same reason and since y(1) —y(0) <1, it follows that k> 1.

For 0 < z < 1, define z = z(z) = —(log(y)) ™. Since y (%) > (4k)~1, it follows
that

——~

2 (%) 2 ~(log((4k) ™) ~" = (log(4k)) .
Since y (%) < %, it follows that

2(3) < - (log (3)) 7" = (og2) ™.
Thus, z (1) /2 (%) <log,(4k), and so
log (z (%)) —log (= (%)) < log(logy(4k)).

Therefore, there exists h with zl{ <h< % and with h¢ I, such that when z=Hh,

d
-, 108 2) < 4loglogy(4k),
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that is,
d
d—; < 4zloglogy(4k).
But y=ezp(—2z~1), and so %:yz'z. Hence, when z=nh,

dy dydz _9
_ < — — .
el (yz=*)(4zloglogy (4k)) = 4y(— logy) loglogy(4k)

Now when z=nh, since
(k) <y (3) <y<v(3) <3

it follows that k(1—y)>ky>3; and ky+k(1—y)=k>1 as we already saw. From
condition (iv) in the definition of “suitable”,

plky + k(1 - y)) — u(ky) — p(k(1 -y)) >
4ky log <1 + %ﬂl) loglogs(4(ky + k(1 — y))),

that is,

p(k) — u(ky) — w(k(l — y)) > 4ky(— logy) loglogy (4k).
It follows that
d
ko < (k) = uky) = p(k(1 - v))
as required. ]

If G is a digraph and A,BCV(G), we denote by D(A,B) or Dg(A, B) the set
of edges of G with tail in A and head in B.

(2.4). Let p be suitable. Let G be a digraph with |V(G)| > 2, and let n > 2 be
an integer such that every directed circuit of G has length > n. Then there is a
partition (A,B,C) of V(G) with A,B # V(G) and D(A,B) =0 (A or B may be

null), such that i
1< (53) -+ (3) -+ (3).

Proof. If G is not strongly connected, there is a partition A, B of V(G) with A, B+#
¢ and with D(A,B)=0; and then C =0 satisfies the assertion of the theorem (by
condition (iii) in the definition of “suitable”). We assume, therefore, that G is
strongly connected.

(1). There is a partition X3,...,Xp of V(G) into non-empty sets such that for 1<
i,j<n, if j>i+1 then D(X;,X;)=0. .

For let vg € V(G). For 1<i<n—1 let X; be the set of all v& V(G) such that
there is a directed path from vy to v and the shortest such path has exactly i edges;
and let X,,=V{(G)—(X1U...UX,_1). Then Xj,....,X, are mutually disjoint and
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have union V(G) Moreover, let 1<4,j <n with j >i+1, and let u€ X; and ve X;.
Then there is a path P from vg to u of length i. If ve V( ) (this is only posmble
if v=wg) then v is not adjacent to v since 1+1<j—1<n and G has no directed
circuit of length <n. Ifvée V( ) then v#wvg, and hence there is no path from vg to
v of length <j; and so again u is not adjacent to v. Thus, D(X;,X; ) {. Finally,
we must show that Xy,..., X, are all non-empty. Certainly X, # (Z) since vg € X5,
Let 1<i<n. Since G is strongly connected and X #0 from the construction (since
IV(G)| > 2), there exists ue X1 U...UX; adjacent to some v€ X;1U...UX,. But
D(Xp,X;)=0if j>h+2, and so u€ X;; and consequently X;#0, as required.

For wE [0,1], define y( ) as follows. If £ =0, let y(z)=0. If >0, let i=[nz],

so that 1<i<n, and let

y(@) = (X1l + ...+ X + (ne — i + DIXG)IVG)|

Then y is a continuous function of z, and y(0)=0,y(1)=1. Let [ = {O, =, n, 1};
then y is differentiable in [0,1} —I. Let k —n_1|V (G)]. For zel0,1] -1, let i=
[nz]; then dy =k71X;|. By (1), |X;|>1, and so % >k~1. By (2.3) there exists
hel0,1] -1 such that when z=h,

< k) — k) — k(1 — ).

Let i=[nh]; then 1<i<n, and k%:[Xﬂ. Hence

1X;| < u(k) = plky) — u(k(1 —y))
and

(X1 + -+ XDV <y < (XK1l + . +1XDIVE)
Let A=X1U...UX;_1, B=X;1U...UX,, C=X;. Then

1Al <yV(@) < IV(G) - Bl

uky) = (g/_i_‘ﬁ?_)_i) > p (%‘)

since u is non-decreasing, and

plk(l-y)) = p ((1 - y)@) > (L@)

n

Consequently,

for the same reason. It follows that

01 =11 < k) = utt) — ntr(a — ) < () (1) - ().

n n n

Finally, D(A, B)=0 from the construction, and A, B#V (G) since C=X;#0. The
result follows. |
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If G is a graph or digraph, G\X denotes the graph or digraph obtained from
G by deletmg X.

Proof of (2 1). We proceed by induction on |V(G)|. Let n = [k~!|V(G)|]; then
every directed circuit of G has length >n. If G has no directed circuits then taking
X = D satisfies the theorem, since p(k) > 0 by condition (i) in the definition of
“suitable”. We assume, therefore, that G has a directed circuit, and consequently
|[V(G)|Zn>1. If n=1 then |V(G)| <k, and taking X =V (G) satisfies the theorem,
since k < p(k) by condition (ii) in the definition of “suitable”. We assume, therefore,
that n>2, and consequently |V (G)|>2.

By (2.4), there is a partition (A4, B,C) of V(@) with A,B#V(G) and D(4,B)=

f, such that
(420 () (%),

Let G'=G\(BUC) and k' = IA[ . If k' >0, then every directed circuit of G’ has length

>n=kK"1V(G")|, and since |A] <|V(G)| it follows from the inductive hypothesis
that there exists Y C A meeting every directed circuit of G, with

Y] < p(k)=p (I—:l> :

The same conclusion holds if £’ =0, for then A= and we may take Y =@. Similarly,
there exists ZC B with |Z|<p (Lﬁj) meeting every directed circuit of G\(AUC).
Since D(A,B)=0, it follows that X =Y UZUC meets every directed circuit of G,

" xi<jetu (1) 4 () < (A2

as required. |

3. Remarks

It would be nice to obtain the best possible bound in (1.2), and to pin this
down we need a construction of an appropriate digraph. The following construction
was found in joint work with Noga Alon.

Let n be a large even integer, and let H be a graph with n vertices such that

(1) every vertex of H has valency 6,
(ii) every circuit of H has length 2% logn,
(iii) for every partition A, B of V(H) into two sets of cardinality %n, there are at

least 211" edges with one end in A and the other in B.

(Such graphs H exist; for instance by theorem (2.1) on page 120 of [1], applied
to the graphs constructed in [2, 3].) Now H is Eulerian; direct the edges of H to
obtain a digraph K in which every vertex has outvalency 3. Let G be the “directed
line graph” of K; that is, G is a digraph with V(G)=E(K), and for e, fe V(G) =
E(K), e is adjacent to f in G if the head of e in K equals the tail of f in K.
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We see that |V(G)|=3|V(H)|=3n, and every directed circuit of G has length >
%logn. Consequently, every fractional circuit packing in G has value <k where
k=15n/(4logn).

Let X C V(G), meeting every directed circuit of G. Then X C E(K), and X
meets every directed circuit of K. Consequently, K\X has no directed circuits,
and so we may order the vertices of K as vi,...,up so that for 1 <i< j<n, vy
is not adjacent to v; in K\X. Let A= {vl,‘..,v%n}, B={v .+Un}. Then

Intp
Dg(A,B)C X, and since

|Dk (B, A)| = 1Dk (4, B)|

because K is an Eulerian digraph, it follows that there are at most 2|X| edges of H
with one end in A and the other in B. By property (iii) above, 2|X|> %1"7" and so

X2 % > hlogh

for n sufficiently large. This shows that the bound in (1.2) is best possible except
for the loglogy(4k) term and the multiplicative constant.
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